Abstract. A-polynomials were introduced by Meyn and play an important role in the iterative construction of high degree self-reciprocal irreducible polynomials over the field F2, since they constitute the starting point of the iteration. The exact number of A-polynomials of each degree was given by Niederreiter. Kyuregyan extended the construction of Meyn to arbitrary even finite fields. We relate the A-polynomials in this more general setting to inert places in a certain extension of elliptic function fields and obtain an explicit counting formula for their number. In particular, we are able to show that, except for an isolated exception, there exist A-polynomials of every degree.
The Q-transform plays a prominent role in the construction of (self-reciprocal) irreducible polynomials. Given a polynomial f ∈ F q [T ], its Q-transform is given by
Then, f Q is a self-reciprocal polynomial of degree 2 · deg f . Clearly for f Q to be irreducible a necessary condition is that f is irreducible. In characteristic 2, a simple sufficient and necessary condition for the irreducibility of f Q in terms of the coefficients of f was established by Meyn ([Mey90] , Theorem 6). More surprising is the fact that it is even possible to devise criteria to ensure that irreducibility is preserved under repeated applications of the Q-transform, hence giving an infinite sequence of self-reciprocal irreducible polynomials of increasing degree. Starting with an irreducible polynomial f 0 ∈ F q [T ], we iteratively define a sequence of polynomials f m ∈ F q [T ] by f m+1 = f Q m , m ≥ 0. In what follows, we set q = 2 r and describe the conditions mentioned above in characteristic 2. Let f (T ) = T n + a n−1 T n−1 + . . . + a 1 T + a 0 ∈ F q [T ] be a monic irreducible polynomial of degree n. We say that f is an A-polynomial if T r Fq/F 2 (a n−1 ) = 1 and T r Fq/F 2 (a 1 /a 0 ) = 1. Then, whenever f 0 is an A-polynomial, the polynomial f m (T ) is irreducible of degree n2 m for all m. This fact was proved by Meyn [Mey90] and Varshamov [Var84] , when r = 1, and generalized latter by Kyuregyan [Kyu02] for general r ≥ 1.
When q is odd, the Q-transform behaves in a more subtle way and the results are less complete. In that setting, S. Cohen introduced the related R-transform, which leads to a comparable iterative construction of irreducible reciprocal polynomials [Coh92] . For a comparison of both transforms in terms of Galois theory see [BHMP] .
In this note, we provide a closed formula for the number of A-polynomials in F 2 r [T ] of given degree. On the other hand, it is known that there are no A-polynomials of degree 3 in F 2 [T ] . In all other cases, our formula allows us to deduce the existence of A-polynomials of each degree over every finite field of characteristic 2. ¶ Bogaziçi University.
†Pontificia . Then,
Here, µ is the Möbius function. In particular, we have that
Here, σ 0 (m) is the number of positive divisors of m. Hence,
In order to prove Theorem 1, we exploit the correspondence between irreducible polynomials of each degree n and degree n places that are inert in a particular unramified extension of elliptic function fields. Then, we show that an exact count can be obtained using the corresponding L-polynomials. A very rough estimate then ensures the existence of A-polynomials of any degree n ≥ 7 over all even finite fields, which can be used as the starting point of an iterative construction.
Theorem 1 is a generalization of a result of Niederreiter in [Nie90] , treating the case r = 1 (cf. Remark 4). His method requires an explicit evaluation of certain Kloosterman sums attached to additive characters, which is available only when the base field is small. By turning around Niederreiter's reasoning, we obtain an archimedean evaluation of a certain weighted average of Kloosterman sums (cf. Proposition 5 below).
For results and notation about algebraic function fields we refer the reader to [Sti09] . In [MR08] a related approach is applied to the problem of counting polynomials with prescribed coefficients.
Interpreting A-polynomials in terms of an extension of elliptic function fields
Let q = 2 r , and let F q be the finite field of q elements. Consider the rational function field F = F q (x) and the extensions E 1 = F (y 1 ) and E 2 = F (y 2 ), with y 2 1 + y 1 = x and y 2 2 + y 2 = 1/x. Both E 1 and E 2 are again rational function fields.
Lemma 2. Let f (x) = x n + a n−1 x n−1 + . . . + a 1 x + a 0 ∈ F q [x] be a monic irreducible polynomial of degree n, with f (x) = x. We denote by P f the place of F of degree n associated to f . Then, i) P f is inert in E 1 /F if and only if T r Fq/F 2 (a n−1 ) = 1 ii) P f is inert in E 2 /F if and only if T r Fq/F 2 (a 1 /a 0 ) = 1.
In particular, f is an A-polynomial if and only if P f is inert in both extensions E 1 /F and E 2 /F . Proof. First we prove i). If c is a root of f in F q , then c = 0 and a n−1 = T r F q n /Fq (c). Hence by the transitivity of the trace, the condition T r Fq/F 2 (a n−1 ) = 1 is equivalent to T r F q n /F 2 (c) = 0. By Hilbert's Theorem 90, this happens exactly if c is not of the form γ 2 − γ for any γ ∈ F q n . In turn, this happens if and only if f (y 2 1 +y 1 ) ∈ F[y 1 ] is irreducible. The last condition is equivalent to P f being inert in E 1 /F , thus proving i).
Part ii) follows form Part i) applied to f * (x) = x n f (1/x) Consider the compositum E = E 1 · E 2 over F . The extension E /F is Galois, with Galois group Z/2Z×Z/2Z, with E 1 and E 2 corresponding to the subgroups Z/2Z×{0} and {0}×Z/2Z, respectively. Let E be the subfield corresponding to third subgroup H, the diagonal subgroup. Clearly E = F (y) with y = y 1 + y 2 satisfying y 2 + y = x + 1/x. In other words, E is the function field of the elliptic curve over F q with j = 1.
Proposition 3. Let P be a place of E above P f . We denote by G(P |P f ) be the associated decomposition group in E /F . Let C r (n) be the number if inert places of degree n in the extension E /E. Then, i) f is an A-polynomial if and only if G(P |P f ) = H ii) We have that C r (n) = 2A r (n).
Proof. The polynomial T corresponds to the zero P T of x. Since only the pole P ∞ of x ramifies in the extension E 1 /F , the places P T and P ∞ are the only places of F ramified in the extension E /F . Both places are ramified in E/F and in each case the place of E lying above them splits in the extension E /E. The extension E /E is unramified. Using the Riemann-Hurwitz genus formula, we see that the genera of E and E are both 1. For a place P f = P T , P ∞ , let Z(P f ) be the associated decomposition group in the extension E /F . The place P f is inert in E 1 /F and E 2 /F , if and only if Z(P f ) = H. Hence to each degree n place P f of F that is inert in E 1 /F and E 2 /F there correspond two places of E of degree n that are inert in E /E. In particular, to every A-polynomial f there correspond two places of E of degree deg f that are inert in E /E.
Enumerating A-polynomials over arbitrary even finite fields
In this section we provide a proof of Theorem 1. Following Proposition 3, we need to count the number of inert places of E and E . We will achieve this task by means of their L-polynomials.
All function fields can be defined already over F 2 . Hence we consider the extension F 2 (x, y)/F 2 (x) with y 2 + y = x + 1/x. Among the rational places of F 2 (x), the pole and zero of x are ramified, the zero of x − 1 splits in F 2 (x, y)/F 2 (x), giving a total of 4 rational places of F 2 (x, y). The elliptic function field hence has trace −1 and L-polynomial
The L-polynomial of the constant field extension E = F q (x, y) with q = 2 r is hence
The L-polynomial L E of E has to be divisible by L E and be also of degree 2, since g(E ) = 1. Hence L E = L E . The number of degree n places for each of the function fields is given by (see [Sti09, Propositions 5.1.16 and 5.2.9])
For even n the B(n) places of E of degree n come from the C r (n/2) inert places of degree n/2 of E and the B(n) − C r (n) splitting places of degree n (we get 2 degree n places for each splitting place). For odd n the B(n) places of E of degree n come only from the B(n) − C r (n) splitting places of E of degree n. Hence we obtain
Writing n = 2 k · m for an odd integer m, we obtain
Using Proposition 3, ii) and equations (2) and (3), we obtain the formula stated in the first part of Theorem 1. The estimate (1) is obtained by using that |α| = √ 2 and the fact that any proper divisor d|m satisfies d ≤ m/3.
The function field E has genus 1. Hence using estimates for the number of higher degree places (see for instance[Sti09, Corollary 5.2.10]) B(n) ≥ 1 for any n with q (n−1)/2 (q 1/2 − 1) ≥ 3. Hence for r ≥ 4 we have B(n) ≥ 1 for any n. For r = 1, we need n ≥ 7 and for r = 2 or 3 we need n ≥ 3 to ensure B(n) ≥ 1 using this estimate. A case by case analysis using the L-polynomial shows that in all cases except (r, n) = (1, 3), we have B(n) ≥ 1. Since E has genus 1, using Proposition 3, ii) and equation (3), we obtain the second assertion in Theorem 1.
Remark 4. Note that for r = 1 we recover the main Theorem in [Nie90] . Indeed, use the elementary identity
valid for all integers t ≥ 1.
Averages of Kloosterman sums
Let q = 2 r and let χ : F q → C * be an additive character. For any integer n ≥ 1, let χ (n) : F q n → C * be the additive character defined by
be the Kloosterman sum attached to χ (n) .
Proposition 5. Assume χ is a non trivial additive character. Then,
for all n ≥ 1.
Proof. let
We have that
Since χ is non trivial, for all u ∈ We conclude by combining this equality with the relations (5).
Remark 6. When r = 1, Niederreiter finds in [Nie90] an explicit evaluation in archimedean terms of each individual Kloosterman sum in the LHS of (4). It seems difficult to obtain a similar individual evaluation for general r. Our method proceeds by interpreting the whole LHS in terms of the number of places of appropriate degree in a particular elliptic extension and then use the explicit knowledge of the corresponding L-polynomials to determine such quantities.
